Supplementary Figures
The energy level scheme of the sample can be identified from the spectral pattern of a 3DFT spectrum. As an example, this figure shows three different energy level schemes: a. two independent species of two-level systems, b. two coupled two-level systems via incoherent relaxation processes, and c. a three-level V scheme with two excited states (vertical arrows indicate alignment in the (ωt, ωτ ) plane). The three different energy level schemes can give rise to the same absorption spectrum containing two peaks. However, the 3DFT spectra of these schemes have different spectral features. In scheme a, two transitions are independent and there is no coupling between them, so the corresponding 3DFT spectrum has only two diagonal peaks. In scheme b, the excited states are coupled via incoherent relaxation processes that allow the population transfer from state |2⟩ to |1⟩. This results in a off-diagonal peak that represents the process absorbing at ω20 and emitting at ω10. In scheme c, two transitions are coupled via the common ground state. The corresponding 3DFT spectrum has two off-diagonal peaks due to the ground-state bleaching. Moreover, the contributions from the zero-quantum coherence between state |2⟩ to |1⟩ are separated from the off-diagonal peaks and produce two peaks at ωT = ±ω21. In a 2DFT spectrum, the zero-quantum coherences are not separated from the ground-state bleach contribution. This figure shows sketches of spectra illustrating isolation of overlapping peaks using 3DFT spectroscopy. a. Sketch of the system with a single ground state and 3 excited states. b. A 2DFT spectrum for this system in the case where the linewidths of the optical transitions are larger than the separation between the levels. Right panel shows projection equivalent to an absorption spectrum. c. A 3DFT spectrum showing that some peaks become separated in the mixing frequency direction. Gray plane indicates plane that isolates the lineshapes for |0⟩ → |1⟩ and |0⟩ → |2⟩ transitions by plotting a slice at the mixing frequency of ω2 − ω1. d. The 2D slice corresponding to gray plane in c and projection showing isolation of |0⟩ → |2⟩ transition from which the line width can easily be determined. A 3DFT spectrum correlates frequencies in the various dimensions, which leads to a powerful ability to isolate transitions that are overlapping in 2DFT spectra. This ability is a very important distinction from simply tracking the amplitude (or intensity) of a single point (or peak) on a series of 2DFT spectra taken as function of waiting time T , as has previously been done 29−31 . In these studies, the quantum beats that are observed as a function of T are implicitly due to the interference between two (or more) quantum pathways, which means that the pathways are not isolated. Furthermore, they do not correlate the frequencies in the different dimensions. The correlation between dimensions is key as it allows the contributions to be isolated. To illustrate this, consider a system consisting of a single ground state and 3 excited states as shown in panel a, where the frequency splitting between the excited states is small compared to the widths of each of their transitions from the ground state. In this case, a one-dimensional spectrum will not resolve the transitions and any attempt to determine their relative strengths and widths will require the use of peak fitting algorithms, which are always problematic. A two dimensional spectrum actually does not improve the situation very much, as shown in panel b, the peaks are not well resolved. However, by measuring a 3D spectrum, as shown in panel c and then plotting the 2D spectrum corresponding to an appropriate plane of fixed mixing frequency, as shown in panel d, the transitions are well resolved, allowing the linewidths to easily and uniquely be determined. 
Supplementary Discussion
Discussion of Methods Table. The table presented in Table 4 shows the abilities of different spectroscopic techniques to determine the Hamiltonian and nonlinear optical response of systems of increasing complexity. This section of the Supplementary Discussion provides further explanation and discussion of the table.
An isolated two level system that can only decay by spontaneous emission is probably the simplest system that can be studied using optical methods. Its Hamiltonian can be fully determined from a properly calibrated one-dimensional linear spectrum such as an absorption spectrum, or emission spectrum. The Hamiltonian only consists of a dipole moment and energy splitting as spontaneous emission rate is determined by these two parameters.
There are several ways that the complexity of the system can be increased: 1) inhomogeneous broadening due to Doppler effects in a gas or static disorder in a solid due, for example, to random crystal fields or structural fluctuations, 2) fluctuations of the level energies due to coupling to the environment, which leads to dephasing coherences faster than the population decay, or 3) decay by other (possibly non-radiative) channels. We choose to consider all three of these simultaneously in the second line of the table, however they could be considered separately. The presence of any of these requires that a nonlinear spectroscopic technique be used to determine the Hamiltonian.
The presence of inhomogeneous broadening was one of the primary reasons for developing one-dimensional nonlinear spectroscopic techniques, such as spin or photon echoes in the time domain or hole-burning in the frequency domain. However time-integrated echo experiments alone do not fully characterize the system as the nature of the broadening, whether it is homogeneous or inhomogeneous must be known. Typically this determination can be made by comparing the nonlinear results with a linear spectrum, thus the second column in our table is for such a combination. Instead of using a combination of a linear spectrum and a one-dimensional nonlinear spectrum, it is also possible to temporally or spectrally resolve the nonlinear signal, which effectively gives a two-dimensional spectrum, but is not as powerful as full 2DFT spectroscopy because it relies on interference between different contributions and does not correlate frequencies in the different dimensions.
The next level of complexity is a heterogeneous mixture of two level systems, and specifically making a distinction with a multi-level system. A one-dimensional nonlinear spectrum alone is not sufficient to do so, although again it is possible to time-or frequency-resolve the signal 46, 47 . Again using 2DFT methods can resolve this ambiguity and completely determine the Hamiltonian.
A system consisting of a single ground state coupled by a dipole transition to a manifold of levels, i.e., a generalization of the classic "V" type system, cannot be fully characterized in a 2DFT spectrum because all peaks in the spectrum will have contributions from multiple quantum pathways. Due to the correlation between frequencies, in a 3DFT spectrum, peaks corresponding to single pathways can be isolated, and thus all the relevant parameters can be determined. If this is done for n − 1 peaks, where n is the number levels in the excited state manifold, then the Hamiltonian can be fully determined. We have demonstrated this for the simplest case of n = 2. Similar analysis can be done for a system consisting of a manifold of levels for the lower state, i.e., a generalization of a "Λ" type system, thus a 3DFT spectrum is sufficient in this case as well.
For a system with multiple manifolds of excited states, with each manifold connected by a dipole allowed transition, i.e., a generalization of a "ladder" type system, a 3DFT spectrum can fully determine the third-order nonlinear optical response, however that is not enough to fully determine the relaxation matrix, Γ. Strictly speaking the Hamiltonian, H, can be fully determined, although as mention the full Hamiltonian really includes both H and Γ. In the next section, we demonstrate fully determining the third-order optical response for a ladder system (m = 2 where m is the number of manifolds) and each manifold containing a single level. The only missing information for this case is the population decay rate of the doubly excited state, Γ 22 ; all other parameters are determined. If m > 2, then a 3DFT spectrum provides no information on manifolds higher than the second one. However, they do not contribute to the third-order nonlinear optical response, and thus are not relevant to a coherent control experiment based on the third order response. To fully characterize these systems, the dimensionality of the spectrum, N , must be N ≥ 2m + 1, thus a five dimensional spectrum is needed to fully characterize a system with m = 2.
Given full information about the Hamiltonian, it is possible to calculate the higher order nonlinear optical response. We indicate that in the table by "C(χ (i) )". This ability means that for most systems, sufficient information is obtained to design a coherent control scheme that uses higher order optical nonlinearities, even if they are not directly measured. Double-quantum 3DFT spectroscopy of a ladder energy level scheme. We have measured the doublequantum 3DFT spectrum of a Rb vapor for an excitation wavelength that results in a ladder energy scheme. A Rb vapor along with a 1550 Torr argon buffer gas is contained in a cell similar the one used in the K vapor experiment. As shown in Supplementary Figure S3b , the relevant energy levels of a Rb atom are the ground state |0⟩ = |5 2 S 1/2 ⟩, singly excited state |1⟩ = |5 2 P 3/2 ⟩ and doubly excited state |2⟩ = |5D⟩. The laser center frequency is tuned slightly higher than the D 2 transition (|0⟩ → |1⟩). The laser bandwidth (FWHM) is about 7.5 nm such that both the |0⟩ → |1⟩ and |1⟩ → |2⟩ transition can be excited, while the D 1 (|5 2 S 1/2 ⟩ → |5 2 P 1/2 ⟩) transition is not accessible.
The quantum pathways involving a double-quantum coherence can be distinguished by the appropriate phasematching and time-ordering of the excitation laser pulses 48, 49 . In the three-pulse TFWM experiment with the box geometry, a signal is generated in the direction k S = −k A + k B + k C . Double-quantum coherences contribute to the signal if the conjugated pulse A * arrives last, as the pulse sequence shown in Supplementary Figure S3a . For a single Rb atom or an ensemble of independent Rb atoms, the possible double-quantum pathways are shown in Supplementary Figure S3b as double-sided Feynman diagrams I and II. In this excitation sequence, the first pulse B excites a coherence between states |0⟩ and |1⟩, which is a single quantum coherence. The second pulse C converts the single quantum coherence to a double quantum coherence between states |0⟩ and |2⟩. The third pulse A * converts the double quantum coherence back to a single quantum coherence that emits a signal. The final single quantum coherence can be between |0⟩ and |1⟩ or between |1⟩ and |2⟩ corresponding quantum pathways I and II, respectively.
A double-quantum 3DFT spectrum is generated by Fourier-transforming the TFWM signal recorded as both τ and T are scanned. The amplitude of the 3DFT spectrum is plotted as isosurfaces in Supplementary Figure S4a . There are three spectral peaks. With the maximum amplitude being normalized to one, the red, yellow and blue peaks are the isosurfaces with the amplitude of 0.35, 0.1 and 0.015, respectively. The gray plane is the plane of ω τ = 384.2 THz, and the dashed blue line on it represents ω T = 2ω t .
The peak positions are determined by the energy level scheme in Supplementary Figure S3b . All three peaks are located on the gray plane corresponding to the single-quantum resonant frequency during the first time delay, the energy difference between states |1⟩ and |0⟩, i.e. ω τ = 384.2 THz. The two-quantum coherence frequency (ω T ) of the yellow and blue peaks is 770.5 THz, the energy difference between states |2⟩ and |0⟩. However, the two-quantum coherence frequency (ω T ) of the red peak is 768.4 THz, double the energy difference between states |1⟩ and |0⟩. The emission frequency (ω t ) of the red and yellow peaks is the D 2 transition frequency (384.2 THz), while the emission frequency (ω t ) of the blue peak is 386.3 THz, the energy difference between states |2⟩ and |1⟩. Therefore, the yellow peak is identified as the spectral contribution from quantum pathway I in Supplementary Figure S3b , corresponding to the single excitation |0⟩ → |1⟩, the double excitation |0⟩ → |2⟩, and the emission |1⟩ → |0⟩. Similarly, the blue peak is contributed by quantum pathway II in which the signal radiates at the transition |2⟩ → |1⟩. The transition dipole moment of |2⟩ → |1⟩ is weaker than that of |1⟩ → |0⟩. As a result, the amplitude of the blue peak is about an order of magnitude smaller than the yellow peak. With the two double-quantum pathways isolated in two peaks, one can analyze a single 3DFT peak and extract the information about the corresponding quantum pathway. Supplementary Figure S4b shows the yellow peak isolated from the 3DFT spectrum in Supplementary Figure S4a . The peak can now be projected onto different planes without the interference from other peaks, giving various 2D spectra associated with quantum pathway I. The relevant relaxation rates can be revealed by the lineshape analysis of the peak. This analysis gives full information about Hamiltonian corresponding to the level scheme given in Supplementary Figure  S3b , i.e. the level energies and transition dipole moments. It also gives full information about all off-diagonal elements of the relaxation matrix Γ. The diagonal elements of Γ corresponding to levels |0⟩ and |1⟩ can be extracted from a single-quantum spectrum, shown in Supplementary Figure S4c , as was done for potassium. The diagonal element of Γ corresponding to |2⟩ cannot be extracted from 3DFT spectra, however it will not contribute to a control experiment using third-order (or lower) optical nonlinearities. It can be extracted from a higher-dimensional Fourier transform spectrum. Double-quantum pathways are highly sensitive to the presence of many-body interactions 50 . The red peak in the 3DFT spectrum can not be explained by the energy level scheme of a single Rb atom. Instead, this peak is due to collective excitations of two Rb atoms 51 . A full description of this phenomenon is presented in Ref. 51 . A simple explanation is illustrated in Supplementary Figure S5 . Consider two independent Rb atoms, each described as a twolevel system with states |0⟩ and |1⟩. In the joint Hilbert space of the two two-level atoms, the system has four levels consisting of a ground state |00⟩ where both atoms are in their individual ground states, two singly excited states |10⟩ and |01⟩ where one of the two atoms is excited, and a doubly excited state |11⟩ where both atoms are excited. Double-quantum coherence occurs between the ground state and the doubly excited state, so the double-quantum resonant frequency is twice the single-quantum transition. For two independent two-level atoms, the contributions from double-quantum pathways interfere destructively and exactly cancel, leaving no signal due to double-quantum coherences. However, if there are interactions between the atoms, the transition between the doubly excited and singly excited states is not identical to the one between the singly excited and ground states. The cancelation between double-quantum pathways is not complete, resulting in a double-quantum signal. The red peak in the 3DFT spectrum indicates the interaction between Rb atoms and might reveal the nature of many-body interactions in atomic vapor.
This example demonstrates that the 3DFT spectroscopy can be generalized to determining the Hamiltonian for systems with a ladder energy level scheme. The 3DFT spectrum reveals information about individual atoms as well as many-body interactions between atoms.
